1

1

Abstract

Georg W olsc hin

Email: georg.wolschin@urz.uni-heidelb erg.de

T est of the Einstei n relati on in

relativi sti c colli si ons

As an imp ortan t ingredien t of a nonequilibrium-statistical de-

scription of relativistic collisions, the v alidit y of a w eak-coupling

dissipation-fluctuation theorem (Einstein relation) in rapidit y

space is tested from SIS via A

GS to SPS energies. The theorem

relates the rapidit y relaxation time to the diffusion co efficien t via

the temp erature of the equilibrium distribution. Whereas it is ful-

filled at lo w SIS-energies, progressiv ely larger deviations rising to

an order of magnitude are found at A

GS- and SPS-energies. The

deviations are related to the strong-coupling c haracter of the sys-

tem whic h ma y also induce non-equilibrium quark-gluon plasma

formation.

1 In tro duction

Relativistic hea vy-ion collisions [1] offer a unique p ossibilit y to study

equilibration pro cesses in microscopic man y-b o dy systems. In particular,

rapidit y distributions for participan t protons are v aluable indicators for

the time-ev olution of the reactions. They can b e used to in v estigate the

approac h to thermal equilibrium in the in teraction region.

Isotropic thermal mo dels fail to repro duce the broad, often flat or ev en

dipp ed rapidit y sp ectra that ha v e b een observ ed at A

GS and SPS ener-

gies. Hence, these mo dels ha v e b een supplemen ted [2] b y collectiv e expan-

sion and anisotropic flo w sc hemes, or b y a sup erp osition of isotropically

deca ying thermal sources (fireballs) [3] to fit the data [4]. The broad ra-

pidit y distributions for participan t protons that ha v e b een observ ed ma y ,

ho w ev er, also indicate nonequilibrium prop erties of the system: Due to

the short in teraction time, thermal equilibrium in the in teraction region

is not completely reac hed ev en in case of cen tral collisions of hea vy sys-

tems suc h as Pb+Pb. A nonequilibrium-statistical mo del based on a

linear F okk er-Planc k equation (FPE) [5] has therefore b een in tro duced

[6] to describ e the gradual approac h to lo cal thermal equilibrium in the

in teraction zone.

This relaxation pro cess o ccurs as a consequence of random collisions

and creation of secondaries. The nonequilibrium rapidit y sp ectrum for

protons emerges analytically from the mo del. A similar relativistic dif-

fusion mo del (RDM) has previously b een used to ev aluate and predict

transv erse energy distributions (in tegrated o v er all particle sp ecies) an-

alytically [7]. The mo del allo ws, in particular, to in terpret flat or ev en

( )

−

−

∓

≈

1

2

1

1

1 2

L L

L L

L L

eq

, y

E P

E P

E P

y

y

Y y

y

y

R Y , δ Y

Y .

2 Relativistic diffusion mo del double-p eak ed proton rapidit y sp ectra that ha v e b een observ ed in hea vy

relativistic systems [8 - 11] as b eing due to incomplete thermalization. As

an imp ortan t ingredien t of suc h a nonequilibrium-statistical description,

the v alidit y of a w eak-coupling dissipation-fluctuation theorem is tested

here from SIS- via A

GS- to SPS-energies.

In the relativistic diffusion mo del for rapidit y sp ectra of participan ts, the

initial pro jectile rapidit y

=

1

2 ln

+

(1)

with lab oratory energy and momen tum , as w ell as the initial target

rapidit y (= 0 for fixed-target exp erimen ts) relaxes to w ards the equi-

librium v alue giv en b y the cen ter-of-mass rapidit y due to collisions,

particle creations and deca ys. The discussion is restricted to participan t

protons whic h (as compared to pro duced particles) exhibit the nonequi-

librium prop erties most clearly . T ransforming to

=

2

1 (2)

suc h that Y = 1 for y = , and Y = -1 for y = 0, the initial conditions of

the time-dep enden t rapidit y distribution functions for pro jectile (target)

participan ts are ( 0) = ( 1). Here I neglect a small initial

broadening 0 07 whic h is due to the F ermi momen tum.

A partial differen tial equation for the distribution function R (Y,t)

of the macroscopic v ariable Y should accoun t for b oth the shift of the

2

2

⟨ ⟩

−

√ eq

Y eq Y

Y

Y

int Y int

Y Y

Y

Y Y

∂ R Y , t

∂ t τ

∂

∂ Y

Y Y R Y , t D

∂

∂ Y

R Y , t .

τ

D

τ /τ τ

D τ

τ mean v alue to w ards equilibrium and the corresp onding broaden-

ing in time. The F okk er-Planc k equation successfully describ es similar

nonequilibrium pro cesses in man y areas of ph ysics [5] - starting with the

theory of Bro wnian motion, where it has b een used to mo del b oth the

v elo cit y- and the co ordinate distribution. In relativistic systems, ho w-

ev er, Loren tz-in v arian t kinematical v ariables ha v e to b e in tro duced. In

particular, the rapidit y replaces the v elo cit y to describ e the motion par-

allel to the b eam direction, and the FPE for the probabilit y distribution

of the rapidit y b ecomes

( )

=

1

[( ) ( )] + ( ) (3)

Tw o transp ort co efficien ts determine the time ev olution of the rapidit y

distribution, the relaxation time and the rapidit y diffusion co efficien t

. Rapidit y sp ectra calculated from eq.(3) will ultimately dep end on

t w o dimensionless parameters: with the in teraction time (the

final time in the solution of eq.(3)), and . The first parameter de-

scrib es ho w close to equilibrium the system is, and the second parameter

determines the width of the rapidit y distribution at equilibrium. Both

ma y b e fitted from exp erimen tal rapidit y distributions.

In this w ork, the in teraction time will b e tak en from other sources [7].

The relaxation time and hence, the ratio of these t w o times will b e

fitted to data. The rapidit y relaxation time is related to the diffusion

co efficien t through the temp erature of the thermal equilibrium distribu-

tion that is obtained from other origins suc h as hadron abundancies. The

⟨ ⟩

−

⟨ ⟩ − eq

Y eq

Y

Y

eq

th

p

p

∂ R /∂ t

d

dt

Y t

τ

Y t Y .

τ

D

R

R

T

m corresp onding dissipation-fluctuation theorem ma y , ho w ev er, b e violated

in relativistic collisions where a large amoun t of energy resides in the in-

teraction. Hence, I will consider the transp ort co efficien ts as indep enden t

parameters when comparing with data.

The relaxation time determines the sp eed of the approac h to the Gaus-

sian stationary solution giv en b y = 0, with the corresp onding

equation for the mean v alue

( ) =

1

[ ( ) ] (4)

Here, ma y b e considered as a macroscopic quan tit y and - based on

a suitable parametrization - determined in a fit to a v ailable data, or

deriv ed in a microscopic mo del. In this w ork I treat it on the macroscopic

lev el. Hence, the mo del is p ositioned b et w een the a v ailable microscopic

mo dels of BUU-t yp e on the one hand, and macroscopic thermal mo dels

on the other hand. It main tains adv an tages of thermal mo dels suc h as

transparency

, analytical treatmen t, and few in tuitiv e parameters, but

sim ultaneously go es b ey ond the thermalization assumption and allo ws to

in v estigate nonequilibrium effects.

The diffusion co efficien t is resp onsible for the asso ciated broad-

ening of the distribution functions due to collisions, particle creations

and deca ys. F or a linear FPE, the fluctuations are usually determined

without detailed consideration of the microscopic structure of the sys-

tem, b ecause the stationary solution of the FPE should agree with

the isotropic thermal equilibrium distribution . The latter dep ends

on a temp erature that is to b e iden tified with the freeze-out temp er-

ature, and on the particle mass . In the Boltzmann appro ximation,

−

−

∞

−∞

∞

−∞

−

∫

∫

2 2

1

+

1

1

1

2

+

2

1 th cm

T

p p p T cm T cm

T cm

cm

T p

p

p

T

p

p

th

cm

T

p

p p

T T

T

R y c m T χ y χ y

χ y

y y Y /

χ y

T

m y

.

T

c

T

R Y d Y

Y y /y

y

c y

m T χ y χ y

χ y dy this thermal distribution is expressed as [2]

( ) = [1 + 2 ( ) + 2 ( ) ] exp

1

( )

(5)

with the cen ter-of-mass rapidit y = 2 , and

( ) =

cosh( )

(6)

The freezeout-temp erature can b e appro ximately determined from

Boltzmann fits to transv erse mass sp ectra or hadron yields [2],[4], [8 -

11]. The constan t ensures that the distribution function in Y-space is

normalized to 1 for eac h temp erature .

( ) = 1 (7)

with the normalized cen ter-of-mass rapidit y = 2 and the pro jec-

tile rapidit y . This yields

=

2

[ (1 + 2 ( ) + 2 ( ) ) exp

1

( )

] (8)

In thermal mo dels of relativistic collisions [2], it is assumed that the

system attains the thermal equilibrium distribution eq. (5) and subse-

quen tly expands collectiv ely . On the basis of the presen t nonequilibrium-

statistical approac h, ho w ev er, it app ears that due to the short in teraction

time, the system do es not reac h the equilibrium distribution at SPS-

energies, suc h that broad rapidit y sp ectra could o ccur due to nonequilib-

rium prop erties. A p ossible collectiv e expansion whic h migh t o ccur on

top of this w ould require a separate treatmen t, it cannot b e describ ed

within the FPE-framew ork alone.

−

∼

2 2

2

1 th

Y

Y

T

p p p p

p p

p p

p

Y

T

p

D

π τ c m T

T

m

T

m m

T

.

τ

D T /τ

c

y

δ

3 Dissipation-fluctuation theorem

Equating a Gaussian appro ximation to the thermal distribution with the

stationary solution of the FPE. I obtain the rapidit y diffusion co efficien t

=

1

2

[ (1 + 2 + 2( ) )] exp

2

(9)

With this c hoice of the diffusion co efficien t, thermal and stationary dis-

tribution b ecome almost iden tical. F or a giv en equilibrium distribution,

the rapidit y diffusion co efficien t is then solely determined b y the dissipa-

tiv e constan t . This equation is reminiscen t of the w ell-kno wn Einstein

relation b et w een diffusion and friction co efficien t in the analysis of Bro w-

nian motion [12], . Due to the temp erature-dep endence of the

normalization constan t , it displa ys the exp ected b eha vior, namely

, the

diffusion co efficien t at fixed inciden t rapidit y rises (almost) linearly

with increasing temp erature of the corresp onding equilibrium distribu-

tion.

In relativistic collisions, ho w ev er, the ab o v e dissipation-fluctuation

theorem need not b e fulfilled b ecause a large amoun t of energy resides

in the in teraction, and is used for the generation of secondary particles.

Hence, in a comparison with data, v alues of the rapidit y diffusion co ef-

ficien t exceeding the ones obtained from eq. (9) ma y b e exp ected, and

are indeed found at SPS-energies. Consequen tly , I treat the transp ort

co efficien ts as indep enden t parameters at these energies.

F or participan t protons, -function initial conditions lead to sup er-

p osed Gaussian solutions of the FPE with analytical expressions for mean

v alues and v ariances. F or small times, t w o separate Gaussians dev elop

1 2

√

√

→ ∞

Y

eq Y Y

p ,

Y t/τ

D τ t

N b

t/τ inc omplete stopping

4 Comparison with exp erimen t near target and pro jectile rapidit y . They shift to w ards the equilibrium

v alue and sim ultaneously broaden with increasing time due to collisions

and particle creations. F or sufficien tly large ratios the sup erp osed

distribution that differs from a Gaussian dev elops, un til the distribution

acquires a Gaussian shap e again und then shrinks un til the stationary

distribution ( Γ = 8 ln 2 ) is reac hed for . Due to the fi-

nite v alues of the in teraction times ( ), actual rapidit y

distribution functions remain significan tly broader than the stationary

distribution and differ from Gaussians.

Fig.1 sho ws distributions R (Y,t) w eigh ted with the resp ectiv e n um-

b ers of pro jectile and target proton participan ts ( = 0) at sev eral

selected v alues of for the asymm etric S + Au system at SPS ener-

gies. Both the asymmetric relaxation in rapidit y space and the approac h

to the stationary distribution at large times are clearly displa y ed. F or a

symmetric system suc h as Pb + Pb (fig.2), the relaxation is, of course,

completely symmetric in Y. Actual rapidit y densit y distributions for par-

ticipan t protons are then computed in the relativistic diffusion mo del as

outlined in [6].

Comparing these results to the data from SIS via A

GS to SPS energies,

I ha v e tested the v alidit y of the Einstein relation. A t SIS-energies, the

ligh t Ni + Ni - system pro vides data in the range 1.06 - 1.93 A GeV [15].

With the w eak-coupling v alue of the rapidit y diffusion co efficien t from

eq.(9) the data are w ell repro duced at the lo w est energy

, as sho wn in the upp er part of fig.3 (solid curv e). Here, the dashed curv e is the thermal

equilibrium distribution with a temp erature of 79 MeV (normalized to 38

protons). The thermal distribution is clearly to o narro w to fit the data. In

the relativistic diffusion mo del, the data find their natural explanation in

terms of nonequilibrium con tributions (incomplete stopping) as describ ed

via the solution of the FPE.The transp ort co efficien ts can b e found in

table 1.

A t this lo w energy

, the ratio of the in teraction time for cen tral collisions

[7] to the rapidit y relaxation time is ab out 1, indicating that the system

is indeed not v ery far from equilibrium in rapidit y space. Although this

is also true at the sligh tly higher SIS-energies of 1.45 A GeV and 1.93 A

GeV, the rapidit y diffusion co efficien ts that allo w to fit the data (fig.3)

start to deviate from the v alues deriv ed via the dissipation-fluctuation

theorem b y factors of 1.4 and 1.6, resp ectiv ely , as illustrated in fig.4.

This deviation from the w eak-coupling b eha viour b ecomes more pro-

nounced at A

GS-energies. Here, the discrepancies b et w een isotropic ther-

mal distributions (dashed curv es) [14] and data are v ery dramatic, fig.5.

The solutions of the FPE represen t the exp erimen tal results quite accu-

rately

. In case of the ligh t Si + Al system, the nonequilibrium c haracter

is particularly eviden t through the dip in the rapidit y sp ectrum, whic h

reflects the initial situation at t=0 and app ears to p ersist ev en for cen-

tral collisions. The rapidit y diffusion co efficien ts that represen t the data

deviate from the v alues obtained via the dissipation-fluctuation theorem

b y factors of 3.3 and 3.7 for Si + Al and Au + Au, resp ectiv ely (table 1).

This violation of the dissipation-fluctuation theorem b ecomes ev en

larger at SPS-energies. Since the transp ort co efficien ts dep end on the

1 y

E

beam mass and mass asymm etry of the system as w ell as on the a v ailable en-

ergy ([7],[6]), systems of the same (or at least v ery similar) mass and

mass asymmetry should b e compared when in v estigating the dep endence

on inciden t energy

. Data for the symmetric Au + Au system are a v ailable

at SIS [15] - and A

GS [13] - energies, whereas Pb + Pb - data [11] are

used for the comparison at SPS - energies [6]. Here, eq.(9) is violated b y

a factor of 9 (corresp onding to a factor of 3 in FWHM).

The results for the rapidit y transp ort co efficien ts are sho wn in fig.6.

The relaxation time drops monotonically from SIS to SPS energies (upp er

part). F or the hea vy Au + Au (or Pb + Pb) system, the v alues of the

rapidit y diffusion co efficien t calculated from the dissipation-fluctuation

theorem do not dep end m uc h on inciden t energy (lo w er part) b ecause

the in v erse prop ortionalit y to the (dropping) relaxation time is comp en-

sated b y the shrinking width of the corresp onding thermal equilibrium

distribution in Y-space with increasing inciden t rapidit y . Ho w ev er,

the diffusion co efficien ts that are required to fit the data are seen to rise

from SIS-energies, where the v alue from eq.(9) giv es a reasonable repre-

sen tation of the data at 1.77 A GeV/c ( = 1.06 A GeV), via A GS-

to SPS- energies, where clear violations of eq.(9) are observ ed.

This conclusion is not affected b y the presen t uncertain ties in the in-

teraction times that en ter the mo del calculation, b ecause rescaled v alues

of the in teraction times (and corresp ondingly

, of the rapidit y relaxation

time, k eeping the ratio constan t) w ould mo dify the diffusion co efficien ts

according to eq.(9), but main tain the v ariances. Hence, the violation of

the dissipation-fluctuation theorem in Y-space with increasing energy o c-

curs indep enden tly of a detailed description of the dynamical b eha viour,

⋆ ⋆ ⋆⋆

⋆ ⋆ ⋆⋆ it is a consequence of the nonequilibrium-statistical prop erties of the sys-

tem.

In transp ort descriptions of hea vy-ion collisions at non-relativistic en-

ergies, one has tried to pin do wn a violation of the Einstein relations

using v arious macroscopic v ariables (distance b et w een the t w o cen ter-of-

mass, mass asymmetry

, deformation). In spite of detailed theories, no

comp elling evidence w as found for suc h a violation [16] when comparing

with data. F or the rapidit y v ariable at relativistic energies, ho w ev er, the

evidence is quite straigh tforw ard [17].

It w ould b e in teresting to in v estigate in more detail the origin of this

effect in relativistic collisions. Whereas it could b e due to the strong-

coupling b eha viour that leads to an increase of the diffusion co efficien t

ab o v e the v alues that I ha v e obtained from eq.(9), a rapid collectiv e ex-

pansion of the system (b efore thermal equilibrium is attained) also leads

to broader distributions and hence, could cause an artificial enhancemen t

in the diffusion co efficien ts that are used to represen t the data. The en-

hancemen t migh t ev en tually also b e due to non-equilibrium quark-gluon

plasma formation prior to hadronization. Dev eloping unam biguous tests

to discriminate these p ossibilities is v ery c hallenging.

I am grateful to N. Herrmann for pro viding SIS-results, to J.P . W essels

and J. Stac hel for A

GS-data, and to R. Sto c k for SPS-results.

References

[1] Pro c. Quark Matter 1996, Heidelb erg, Nucl. Ph ys. A 610 (1996).

[2] P

. Braun-Munzinger et al., Ph ys. Lett. B344 (1995) 43;

B 356 (1996) 1; E 877 Collab., J.P . W essels et al.,

Pro c. Quark Matter 1997, Tsukuba, Nucl. Ph ys. A638(1998) 69c;

S.A. V oloshin, Ph ys. Rev.C 55 (1997) 1630.

[3] A. Leonido v et al., Nucl. Ph ys. A 610 (1996) 124c.

[4] NA 44 Collab., I.G. Bearden et al., Ph ys. Rev. Lett.

78 (1997) 2080.

[5] N.G. v an Kamp en, Ph ys. Bl. 53 (1997) 1012.

[6] G. W olsc hin, Eur. Ph ys. J. A 5 (1999) 85.

[7] G. W olsc hin, Z. Ph ys. A 355 (1996) 301.

[8] NA 35 Collab., J. B¨ ac hler et al., Ph ys. Rev. Lett. 72 (1994) 1419.

[9] NA 35 Collab., T. Alb er et al., Eur. Ph ys. J. C2 (1998) 643.

[10] NA 49 Collab., D. R¨ ohric h, note 145 (1998).

[11] NA49 Collab., S.V. Afanasiev et al., Nucl. Ph ys.

A 610 (1996) 76c.

[12] A. Einstein, Ann. Ph ysik 17 (1905) 549.

[13] E877 Collab., J. Barrette et al., Nucl. Ph ys. A 610 (1996) 153c.

[14] J. Stac hel, Nucl. Ph ys. A 610 (1996) 509c.

[15] B. Hong et al., Ph ys. Rev. C 57 (1998) 244.

[16] G. W olsc hin, in: Nuclear Structure and Hea vy-Ion Collisions,

V arenna; eds. R.A. Broglia, R.A. Ricci, C.H. Dasso, pp. 508-571,

North-Holland, Amsterdam 1981, and references therein.

[17] G. W olsc hin, Europh ys. Lett. (1999), in press.

τ D

p

T

D

D

T able 1

Y Y

L

p

th

Y

Y

Relaxation times and rapidit y diffusion co efficien ts at SIS-, A GS-

and SPS-energies. The inciden t momen tum p er particle is , the tem-

p erature of the thermal equilibrium distribution . The theoretical v alue

of the diffusion co efficien t corresp onding to the Einstein relation is ,

whereas is the fit v alue.

− − − −

1

4 1 4 1 p y τ τ /τ T D D

L Y int Y p th

Y

Y

System

(GeV) (fm) (MeV) (10 fm ) (10 fm )

Ni + Ni 1.77 1.388 360 1.03 79 4.7 4.7

2.20 1.586 310 1.02 84 4.4 6.2

2.71 1.782 290 0.95 92 4.1 6.5

Si + Al 14.6 3.44 60 0.80 140 7.8 26.0

Au + Au 1.77 1.39 1100 1.14 80 1.6 1.6

Au + Au 11.4 3.19 370 1.08 130 1.4 5.1

Pb + Pb 157.7 5.83 134 0.81 160 1.4 12.4

S + S 200 6.06 25 0.60 140 7.4 88.7

S + Au 200 6.06 72 0.84 175 2.1 25.5

−

Y

eq eq

Y

eq eq t/τ

y . Y .

t/τ

y . , Y

Fig.1.

Fig.2.

Fig.3.

Fig.4.

Fig.5.

Rapidit y relaxation of participan t protons in 200 A GeV/c S +

Au. Selected analytical solutions of the F okk er-Planc k equation for

v arious v alues of time w eigh ted with the resp ectiv e n um b ers

of pro jectile and target participan ts for cen tral collisions illustrate

the asymm etric equilibration. The dashed curv e is the Gaussian

stationary distribution (cen tered at = 2 63, = 0 13).

Rapidit y relaxation of participan t protons in 158 A GeV/c Pb +

Pb. Selected analytical solutions for v arious v alues of time as

in fig.1 are sho wn. The stationary distribution (dashed) is cen tered

at midrapidit y ( = 2 91 = 0).

Rapidit y relaxation of participan t protons in cen tral relativistic

Ni + Ni- collisions at SIS- energies. F

OPI data are reflected ab out

midrapidit y . The dashed curv es are thermal equilibrium distribu-

tions, solid curv es are nonequilibrium results of the Relativistic Dif-

fusion Mo del. A t the lo w est energy

, the rapidit y diffusion co efficien t

is obtained from the dissipation-fluctuation theorem, at the higher

energies enhanced v alues are used to fit the data.

Dep endence of the rapidit y diffusion co efficien ts on inciden t mo-

men tum p er particle in Ni + Ni reactions at SIS energies. The fit

v alues deviate from the results of the dissipation-fluctuation theorem

at the higher momen ta. The lines are dra wn to guide the ey e.

Rapidit y relaxation of participan t protons at A

GS energies (cf.

table 1). The Au + Au data and part of the Si + Al data ha v e

b een reflected ab out midrapidit y . Isotropic thermal equilibrium diseq 1

1 1 y y /

y . y .

Fig.6.

Fig.7.

tributions (dashed curv es) are to o narro w to fit the data. Agreemen t

is ac hiev ed through the nonequilibrium solutions in the RDM, solid

curv es. The fit v alues of the diffusion co efficien ts exceed the ones

obtained from the dissipation-fluctuation theorem.

Dep endence of the rapidit y relaxation time and the rapidit y diffu-

sion co efficien t on the inciden t momen tum p er particle in the energy-

range from SIS via A

GS to SPS. The v alues of the diffusion co effi-

cien ts as deriv ed from fits to Au + Au and Pb + Pb data are signif-

ican tly larger than results from the dissipation-fluctuation theorem

at the higher energies. Lines are dra wn to guide the ey e.

Calculated rapidit y densit y sp ectra of participan t protons in cen-

tral S+Au, S+S and Pb+Pb- collisions at SPS- energies in compar-

ison with NA 35 and NA 49 data ( blac k squares; data for symmet-

ric systems reflected at = 2). The pro jectile rapidities are

= 6 06 for S, and = 5 83 for Pb. F or Pb+Pb the thermal equi-

librium distribution (T=160 MeV) is also sho wn; its maxim um is at

dn/dy = 165 (dashed). The data are incompatible with isotropic

thermal distributions. The fit v alues of the rapidit y diffusion co-

efficien ts are significan tly larger than the ones caculated from the

w eak-coupling dissipation-fluctuation theorem and hence, the Ein-

stein relation is violated.