δ

1

P ACS

Georg W olsc hin

Abstract

Keyw ords:

Relativistic Diffusion Mo del

1

Email: georg.wolschin@urz.uni-heidelb erg.de

D-69120 Heidelb erg, Germany

Received 01.12.1998

Evidence is presented that diffusion drives colliding many-particle systems at relativistic

energies from the initial –functions in rapidity towards the equilibrium distribution.

Analytical solutions of a linear F okker-Planck equation represent rapidity sp ectra for

participant protons in central heavy-ion collisions at SPS-energies accurately

. Thermal

equilibrium in the interaction region is not attained, nonequilibrium features p ersist and

can account for the broad rapidity sp ectra.

: 25.75-q, 24.60.Ky

, 24.10.Jv

Rapidity distributions, Relativistic heavy-ion collisions, Diffusion mo del,

T ransp ort equations, Proton rapidity sp ectra, SPS-results S + Au, S + S, Pb + Pb.

−

1

2

( )

L L

L L

L L

eq y

E P

E P

E P y

y

Relativistic heavy-ion collisions [1] offer a unique p ossibility to study equilibration

pro cesses in microscopic many-b o dy systems. In particular, rapidity distributions for

participant protons are v aluable indicators for the time-ev olution of the reactions. They

can b e used to investigate the approach to thermal equilibrium in the interaction region.

Isotropic thermal mo dels fail to repro duce the broad, often flat or even dipp ed rapidity

sp ectra that have b een observed at AGS and SPS energies. Hence, these mo dels have

b een supplemented [2] by collectiv e expansion and anisotropic flow schemes, or by a

sup erp osition of isotropically decaying thermal sources (fireballs) [3] to fit the data [4].

In this note I intro duce a nonequilibrium-statistical mo del based on a linear F okker-

Planck equation (FPE) [5] to describ e the gradual approach to lo cal thermal equilibrium

in the interaction zone. It is argued that the broad rapidity distributions for participant

protons that have b een observed may also indicate nonequilibrium prop erties of the sys-

tem: Due to the short interaction time, thermal equilibrium in the interaction region is

not reached even in case of central collisions of heavy systems such as Pb+Pb.

The approach is macroscopic: It is concerned with the time-ev olution of rapidity dis-

tribution functions for participant protons towards statistical equilibrium. This relaxation

pro cess o ccurs as a consequence of random collisions and creation of secondaries (ab out

2100 pions in a central Pb+Pb-collision, with an estimated 40% pro duced directly). The

nonequilibrium rapidity sp ectrum for protons emerges analytically from the mo del. A

similar approach has previously b een used to ev aluate and predict transverse energy dis-

tributions (integrated over all particle sp ecies) analytically [6]. The present mo del allows,

in particular, to interpret flat or even double-p eaked proton rapidity sp ectra that have

b een observed in heavy relativistic systems [7 - 10] as b eing due to incomplete thermal-

ization.

In the relativistic diffusion mo del for rapidity sp ectra of participants, the initial pro-

jectile rapidity

=

1

2 ln

+

(1)

with lab oratory energy and momen tum , as well as the initial target rapidity

(= 0 for fixed-target exp erimen ts) relaxes towards the equilibrium v alue given by the

center-of-mass rapidity due to collisions, particle creations and decays.

[ ]

1

1

1 2

2

2

−

∓ ≈

⟨ ⟩

−

√

,

eq

Y eq Y

Y Y

int Y

int Y Y

Y y

y

y

R Y , δ Y Y .

Y

Y

∂ R Y , t

∂ t τ

∂

∂ Y

Y Y R Y , t D

∂

∂ Y

R Y , t .

τ D

τ /τ

τ D τ

The discussion is restricted to participant protons which (as compared to pro duced

particles) exhibit the nonequilibrium prop erties most clearly . T ransforming to

=

2

1 (2)

such that Y = 1 for y = , and Y = -1 for y = 0, the initial conditions of the

time-dep endent rapidity distribution functions for pro jectile (target) participants are

( 0) = ( 1). Here I neglect a small initial broadening 0 07 which is

due to the F ermi momentum .

A partial differential equation for the distribution function R (Y,t) of the macroscopic

v ariable Y should account for b oth the shift of the mean v alue towards equilibrium

and the corresp onding broadening in time. The F okker-Planck equation successfully

describ es similar nonequilibrium pro cesses in many areas of physics [5] - starting with the

theory of Brownian motion, where it has b een used to mo del b oth the velo city- and the

co ordinate distribution. The use of the FPE is strictly v alid only near thermal equilib-

rium. However, the collisions investigated here are central reactions with relatively long

interaction times; they corresp ond to few p ercent of the cross section. Although the anal-

ysis will show that thermal equilibrium is apparently not reached in these collisions, one

comes sufficiently close to it to justify use of the FPE. In relativistic systems, however,

Lorentz-inv ariant kinematical v ariables have to b e intro duced. In particular, the rapidity

replaces the velo city to describ e the motion parallel to the b eam direction, and the FPE

for the probability distribution of the rapidity b ecomes

( )

=

1

( ) ( ) + ( ) (3)

Two transp ort co efficients determine the time evolution of the rapidity distribution, the

relaxation time and the rapidity diffusion co efficient . Rapidity sp ectra calculated

from eq.(3) will ultimately dep end on two dimensionless parameters: with the

interaction time (the final time in the solution of eq.(3)), and . The first

parameter describ es how close to equilibrium the system is, and the second parameter

determines the width of the rapidity distribution at equilibrium

. Both may b e fitted from

exp erimental rapidity distributions.

2 2

1

[ ]

( )

⟨ ⟩

−

⟨ ⟩ −

−

Y

eq

Y eq

Y

Y

eq

th

p p

th cm

T

p p p T cm T cm

T cm

cm

T p

p τ

∂ R /∂ t

d

dt

Y t

τ

Y t Y .

τ

D

R

R

T m

R y c m T χ y χ y

χ y

y y Y /

χ y

T

m y

.

In this work, the interaction time will b e taken from other sources [6]. The relaxation

time and hence, the ratio of these two times will b e fitted to data. The rapidity relax-

ation time is related to the diffusion co efficient through the temp erature of the thermal

equilibrium distribution that is obtained from other origins such as hadron abundancies.

The corresp onding dissipation-fluctuation theorem may

, however, b e violated in relativis-

tic collisions where a large amount of energy resides in the interaction. Hence, I will

consider the transp ort co efficients as indep endent parameters when comparing with data.

The relaxation time determines the sp eed of the approach to the Gaussian stationary

solution given by = 0, with the corresp onding equation for the mean v alue

( ) =

1

[ ( ) ] (4)

Here, may b e considered as a macroscopic quantity and - based on a suitable

parametrization - determined in a fit to av ailable data, or derived in a microscopic mo del.

In this work I treat it on the macroscopic level. Hence, the mo del is p ositioned b e-

tween the av ailable microscopic mo dels of BUU-typ e on the one hand, and macroscopic

thermal mo dels on the other hand. It maintains adv antages of thermal mo dels such as

transparency

, analytical treatment, and few intuitiv e parameters, but simultaneously go es

b eyond the thermalization assumption and allows to investigate nonequilibrium effects.

The diffusion co efficient is resp onsible for the asso ciated broadening of the dis-

tribution functions due to collisions, particle creations and decays. F or a linear FPE,

the fluctuations are usually determined without detailed consideration of the microscopic

structure of the system, b ecause the stationary solution of the FPE should agree with

the isotropic thermal equilibrium distribution . The latter dep ends on a temp erature

that is to b e identified with the freeze-out temp erature, and on the particle mass .

In the Boltzmann approximation, this thermal distribution is expressed as [2]

( ) = 1 + 2 ( ) + 2 ( ) exp

1

( )

(5)

with the center-of-mass rapidity = 2 , and

( ) =

cosh ( )

(6)

−

2 2

2

1

[ ( )]

( )

T

c

T

R Y

R Y

D

π τ c m T

T

m

T

m m

T

.

τ

c

y p

T

p

p

th

eq

th

Y

Y

T

p p p p

p p

p p

p

Y

T

p

The freezeout-temp erature can b e approximately determined from Boltzmann fits to

transverse mass sp ectra or hadron yields [2],[4], [7 - 10]. The constant ensures that the

distribution function in Y-space is normalized to 1 for each temp erature .

In thermal mo dels of relativistic collisions [2], it is assumed that the system attains the

thermal equilibrium distribution eq. (5) and subsequently expands collectively

. On the

basis of the present nonequilibrium-statistical approach, however, it app ears that due to

the short interaction time, the system do es not reach the equilibrium distribution at SPS-

energies, such that broad rapidity sp ectra could o ccur due to nonequilibrium prop erties.

A p ossible collectiv e expansion which might o ccur on top of this would require a separate

treatment, it cannot b e describ ed within the FPE-framework alone.

The shap e of the thermal distribution ( ) is not exactly Gaussian, although very

close to it. Hence, it cannot b e equated directly with the stationary solution ( ) of the

FPE as in usual nonequilibrium-statistical approaches. Instead, a Gaussian approximation

to the thermal distribution is used to equate it with the stationary solution of the FPE.

I obtain the rapidity diffusion co efficient as

=

1

2

1 + 2 + 2( ) exp

2

(7)

With this choice of the diffusion co efficient, thermal and stationary distribution b ecome

almost identical. F or a given equilibrium distribution, the rapidity diffusion co efficient

is then solely determined by the dissipative constant . This equation is reminiscent of

the well-known Einstein relation b etween diffusion and friction co efficient in the analy-

sis of Brownian motion [11]. Due to the temp erature-dep endence of the normalization

constant , it displays the exp ected b ehavior, namely

, the diffusion co efficient at fixed

incident rapidity rises almost linearly with increasing temp erature of the corresp onding

equilibrium distribution..

In relativistic collisions, however, the ab ove dissipation-fluctuation theorem need not

b e fulfilled b ecause a large amount of energy resides in the interaction, and is used for

the generation of secondary particles. Hence, in a comparison with data, v alues of the

rapidity diffusion co efficient exceeding the ones obtained from eq. (7) may b e exp ected,

and are indeed found at SPS-energies. Consequently

, I treat the rapidity relaxation times

and the diffusion co efficients as indep endent parameters at these energies.

1 2

2

1 2

( )

( )

(

( )

)

⟨ ⟩ − − ±

−

−

−

≥

≥ −

√

√

→ ∞

√ inc omplete stopping

, eq

Y Y

Y Y Y

Y

Y

Y

eq Y Y

int

int

int Y

int Y Y Y

p , Y δ

Y t Y t

τ t

τ

σ t D τ t

τ

.

t/τ .

t/τ . .

D τ

t

t τ b

τ

τ /τ

τ /τ

τ /τ D τ

N b t/τ

F or participant protons, -function initial conditions lead to sup erp osed Gaussian

solutions of the FPE with mean v alues

( ) = 1 exp( ) exp (8)

and v ariances (for each of the pro jectile- and target-like distributions)

( ) = 1 exp

2

(9)

F or small times, two separate Gaussians develop near target and pro jectile rapidity

. They

shift towards the equilibrium v alue and simultaneously broaden with increasing time due

to collisions and particle creations. F or 0 2 at SPS-energies, the sup erp osed

distribution that differs from a Gaussian develops. F or 1 1 1 5 (dep ending on

the asymmetry and size of the systems) the sup erp osed distribution acquires a Gaussian

shap e, and its width shrinks until the stationary distribution ( Γ = 8 ln 2 ) is

reached for . Due to the finite v alues of the interaction times ( ),

actual rapidity distribution functions remain significantly broader than the stationary

distribution and differ from Gaussians.

V alues of the interaction times = ( ) that are - together with the corresp onding

energy relaxation time - in accordance with measured transverse energy distributions

may b e taken from [6]. Mo del-dep endent HBT-analyses of effective source lifetimes and

also microscopic calculations yield smaller v alues [1] which are closer to the transit time

[6]. However, since diffusion-mo del predictions dep end on for the energy relaxation

[6], and on for the rapidity relaxation of participants, the use of smaller v alues for

the interaction times will simply lead to a rescaling of the relaxation times and diffusion

co efficients, whereas the dimensionless parameters and (and hence, the

physical conclusions) will not b e changed.

Fig.1 shows distributions R (Y,t) weighted with the resp ective numb ers of pro jectile

and target proton participants ( = 0) at several selected v alues of for the

asymmetric S + Au system at SPS energies. Both the asymmetric relaxation in rapidity

space and the approach to the stationary distribution at large times are clearly displayed.

F or a symmetric system such as Pb + Pb (fig.2), the relaxation is, of course, completely

symmetric in Y.

[ ]

| |

−

1 2

1 1

1 1 2 2 p ,

int

b b p int p int

N b

t τ b

dn

dy y dN

d Y y

N b R Y , t τ b N b R Y , t τ b .

p p

T o compute actual rapidity density distributions for participant protons in the rela-

tivistic diffusion mo del, one needs to know ( ) at impact parameter b, the impact-

paramter dep endent interaction times = ( ), and the cross-section to p erform the

integral over b. The impact-parameter dep endent rapidity sp ectrum (that may b e inte-

grated over b) is obtained as

=

2

=

2

( ) ( = ( )) + ( ) ( = ( )) (10)

F or central collisions with small cross sections (typically 5% of the total cross section

at SPS-energies), it is sufficient to ev aluate this expressions at b=0 since the sp ectra do

not dep end much on the precise magnitude of the cross section.

In order to illustrate the rapidity relaxation for protons at SPS-energies, I have in-

vestigated the systems S+Au, S+S and Pb+Pb where data are now av ailable [7-10]. F or

symmetric systems the net proton yield ( ) can b e determined fairly accurately from

the charge excess distribution. Protons from the decay of hyp erons are not included in

this comparison with the diffusion mo del. (Similar to rapidity distributions of pro duced

mesons, these secondary particles are p eaked at mid-rapidity

.) Hence, the integrals of the

rapidity sp ectra tend to b e smaller than the numb er of proton participants for central

collisions.

Rapidity density distributions for protons in the asymmetric S+Au system at SPS-

momentum of 200 A GeV [8,9] are compared with the diffusion-mo del results in the upp er

part of fig.3. The diffusion co efficient that fits the data (table1) is a factor of 12 larger

than the v alue calculated from the fluctuation-dissipation theorem eq. (7). In all the

systems investigated at SPS-energies, such a large diffusion co efficient is imp ossible to

achieve through realistic v ariations of the temp erature and hence, the Einstein relations

are clearly violated. F urther work tends to show, however, that the theorem eq. (7) is

fulfilled at lower (SIS-) energies. The origin of the violation at higher energies will need

further investigation. It may certainly also mask collectiv e expansion.

F or S+Au, the mo del reflects the asymmetry that is present in the data. The ex-

p erimental difficulties to separate participants from sp ectators in asymmetric systems [8]

may cause part of the deviation of the midrapidit y-datap oint. Equilibrium mo dels fail to

generate such asymmetric distributions.

−

≥

≈ int Y

int Y

int Y

Y

Y τ /τ .

p p

τ /τ

.

τ /τ .

τ

τ

τ /τ .

Using the transp ort co efficients (or dimensionless parameters) of table 1, the broad

double-p eaked proton rapidity sp ectrum shown in the middle part of fig.3 for S+S is in

reasonable agreement with the exp erimental results [7,8]. In particular, the p ositions of

the maxima of the exp erimental distributions are precisely repro duced for = 0 6.

The o ccurence of these maxima indicates that the pro cess is far from equilibrium: An

equilibrium distribution has no dip at central rapidity

. Impact-parameter integration

will sligthly smo oth out the distribution. Thermal descriptions (without or with flow)

cannot repro duce the data. Again, the Einstein relations are violated by a factor of ab out

12 b ecause a large amount of energy resides in the interaction and is used for particle

pro duction.

F or Pb+Pb at SPS-momen tum of 158 GeV p er particle the situation is similar. The net

proton ( ) preliminary data p oints that have b een determined from the charge excess

distribution of hadrons [10] are in agreement with the diffusion-mo del result for =

0 81, and a diffusion co efficient that exceeds the one calculated from the dissipation-

fluctuation theorem by a factor of 9. The time-of-flight datap oint (diamond) includes

secondary protons from hyp eron decays, which are not contained in the mo del. Refined

data analysis of the net proton distribution indicates [9] that the dip may turn into a flat

distribution. This would require 0 9 in the relativistic diffusion mo del, cf. fig.2.

The thermal distribution for T = 160 MeV is also shown, dashed curve. It clearly

disagrees with the data. The temp eratures of the thermal distributions are taken to

b e consistent with previous analyses of transverse momen tum distributions and hadron

yields [4],[8], [12]. F or symmetric systems and diffusion co efficients from eq.(6), these

distributions coincide with the stationary solutions of the FPE.

The transp ort co efficients that determine the rapidity sp ectra are given in table 1. The

dep endence of the rapidity relaxation time on size and asymmetry of the participant

systems as well as on the av ailable energies is in reasonable agreement with the corre-

sp onding expression for the energy relaxation time that was found in [6] and hence, this

can b e used for predictions. F or the systems investigated here, the rapidity relaxation

times are larger than the interaction times for central collisions, which emphasizes the

nonequilibrium b ehaviour. The ratio to the energy relaxation time is 1 3, indi-

cating that the rapidity relaxation of participants is slower than the buildup of transverse

energy

. The rapidity diffusion co efficient is ab out 7 times larger for the small S+S system than for Pb + Pb, essentially b ecause of its inverse prop ortionality to the relaxation time.

The transp ort co efficients given here prop erly describ e the broad nonequilibrium rapidity

sp ectra for participant protons. Note, however, that the broad exp erimental distributions

may also have other additional sources such as collective expansion which is not accounted

for in the diffusion approach.

Lighter pro duced particles such as pions and k aons have fairly wide thermal distri-

butions in rapidity due to their small masses. They are exp ected to b e less sensitive to

the nonthermal b ehaviour that the relativistic diffusion mo del describ es. It will, however,

tend to broaden their rapidity sp ectra and has to b e considered in precise analyses of the

data.

Considering proton rapidity sp ectra at the lower AGS-momenta of 11 - 15 A GeV

[12,13], the mean interaction times are larger [6] and hence, one may exp ect to come

closer to thermal equilibrium. Still, the relatively small Si+Al system exhibits in central

collisions a doubled-p eaked proton rapidity distribution [13], and for Au+Au it is flat

[12]. Both are significantly broader than isotropic thermal distributions, which has b een

considered as evidence for thermalization plus longitudinal flow [2]. It is exp ected that the

relativistic diffusion mo del offers an alternative interpretation based on the assessment

that thermal equilibrium is not reached for participant protons in the interaction region.

Again, lighter pro duced particles will b e less sensitive to the nonthermal b ehaviour, al-

though it tends to broaden their rapidity sp ectra - an effect that is masked by present

flow-analyses.

At even lower SIS-energies of 1 - 2 A GeV, the light Ni+Ni system exhibits proton

and deuteron rapidity sp ectra that are wider than exp ected for an isotropically emitting

thermal source, whereas pion distributions app ear to b e thermal [14]. Nonequilibrium

prop erties are likely to cause the discrepancy .

Comparing with equilibration pro cesses in heavy-ion collisions at non-relativistic en-

ergies [15], the present investigation underlines the unexp ected result that relaxation

phenomena in small quantum systems p ersist over a range in incident energy from ab out

5 MeV p er particle well into the ultra-relativistic region, bridging energies that differ by

more than four orders of magnitude.

References

[1] Pro c. Quark Matter 1996, Heidelb erg, Nucl. Phys. A 610 (1996).

[2] P

. Braun-Munzinger et al., Phys. Lett. B344 (1995) 43; B 356 (1996) 1;

E 877 Collab., J.P . W essels et al., Pro c. Quark Matter 1997, Tsukuba,

Nucl. Phys. A638(1998 ) 69c; S.A. V oloshin, Phys. Rev.C 55 (1997) 1630.

[3] A. Leonidov et al., Nucl. Phys. A 610 (1996) 124c.

[4] NA 44 Collab., I.G. Bearden et al., Phys. Rev. Lett. 78 (1997) 2080.

[5] N.G. v an Kamp en, Phys. Bl. 53 (1997) 1012.

[6] G. W olschin, Z. Phys. A 355 (1996) 301.

[7] NA 35 Collab., J. B¨ achler et al., Phys. Rev. Lett. 72 (1994) 1419.

[8] NA 35 Collab., T. Alb er et al., Eur. Phys. J. C2 (1998) 643.

[9] NA 49 Collab., D. R¨ ohrich, note 145 (1998).

[10] NA49 Collab., S.V. Afanasiev et al., Nucl. Phys. A 610 (1996) 76c.

[11] A. Einstein, Ann. Physik 17 (1905) 549.

[12] J. Stachel, Nucl. Phys. A 610 (1996) 509c.

[13] E877 Collab., J. Barrette et al., Nucl. Phys. A 610 (1996) 153c.

[14] B. Hong et al., Phys. Rev. C 57 (1998) 244.

[15] G. W olschin, in: Nuclear Structure and Heavy-Ion Collisions, V arenna;

eds. R.A. Broglia, R.A. Ricci, C.H. Dasso, pp. 508-571,

North-Holland, Amsterdam 1981, and references therein.

− −

√

√

1

4 1

T able

τ D

τ /τ

D τ

p y τ D τ /τ D τ

Y Y

int Y

Y Y

L Y Y int Y Y Y

T able 1

Relaxation times and rapidity diffusion co efficients for systems at SPS-energies.

The dimensionless parameter determines how close to equilibrium the system is,

whereas gives the standard deviation of the rapidity distribution at equilibrium.

System

(GeV) (fm) (10 fm )

S + Au 200 6.06 72 26 0.84 0.374

S + S 200 6.06 25 89 0.60 0.451

Pb + Pb 157.7 5.83 134 12 0.81 0.408

−

1

1 1

Y

eq eq

Y

eq eq

eq t/τ

y . Y .

t/τ

y . , Y

y y /

y . y .

Figure Captions

FIG.1.

FIG.2.

FIG.3.

Rapidity relaxation of participant protons in 200 A GeV/c S + Au. Selected

analytical solutions of the F okker-Planck equation for v arious v alues of time

weighted with the resp ective numb ers of pro jectile and target participants for central

collisions illustrate the asymmetric equilibration. The dashed curve is the Gaussian

stationary distribution (centered at = 2 63, = 0 13). F or comparison with

NA35 data cf. fig.3.

Rapidity relaxation of participant protons in 158 A GeV/c Pb + Pb. Selected

analytical solutions for v arious v alues of time as in fig.1 are shown. The sta-

tionary distribution (dashed) is centered at midrapidit y ( = 2 91 = 0). F or

comparison with NA49 central collision data cf. fig.3.

Calculated rapidity density sp ectra of participant protons in central S+Au, S+S

and Pb+Pb- collisions at SPS- energies in comparison with NA 35 [7,8] and NA 49

[10] data ( black squares; data for symmetric systems reflected at = 2).

The pro jectile rapidities are = 6 06 for S, and = 5 83 for Pb. F or Pb+Pb

the thermal equilibrium distribution (T=160 MeV) is also shown; its maxim um is

at dn/dy = 165 (dashed). The data are incompatible with thermal distributions.

The time-of- flight data p oint (diamond) includes secondary protons from hyp eron

decays, the other (preliminary) data p oints do not. The integrals of the resp ective

theoretical distributions corresp ond to 45, 25 (renormalized) and 164 protons. As a

consequence of incomplete y-relaxation at SPS- energies, the sp ectra are significantly

broader than the equilibrium distributions, and their shap es differ from Gaussians.

This emphasizes the non-equilibrium nature of relativistic collisions.